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Background on quasilinear problems

—Au = AU+ p(x) |vul;‘q + f(x) in Q,
u>0 in Q,
u=20 on 0f2.

e Q ¢ RV (N > 3) bounded smooth domain

e A eR

e1<qg<2

e 60>0

0 0<pnel>(Q)

0 0S fel>(Q)

The solutions will be understood in the weak sense, and will be bounded.
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Background on quasilinear problems

Nonsingular problem (6 = Q)

—Au=\u+p|VuP +£(x) inQ,

u>0 in Q,
u=20 on 0f2.
@ )\ < 0: [Boccardo, Murat, Puel. 80’s lluloo

and 90’s], [Barles, Murat. 1995].
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Background on quasilinear problems

Nonsingular problem (6 = Q)

—Au=\u+p|VuP +£(x) inQ,

u>0 in Q,
u=20 on 0f2.
@ )\ < 0: [Boccardo, Murat, Puel. 80’s lluloo

and 90’s], [Barles, Murat. 1995].

@ )\ = 0: [Ferone, Murat. 2000],
[Abdellaoui, Dall’ Aglio, Peral.
2006], [Porretta. 2010].

@ A > 0: [Arcoya, De Coster,
Jeanjean, Tanaka. 2015]. _—
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Background on quasilinear problems

Problem with singularity (§ = 1)

Vul?
Au—>\u+u| | + f(x) in Q,
u>0 in Q,
u=20 on 0f).
@ )\ < 0: [Giachetti, Murat. 2009]. lU]l oo
@ )\ = 0: [Arcoya, Boccardo, Leonori,
Porretta. 2010].
@ A > 0: [Arcoya, Moreno-Mérida,
2017].
Is this optimal result due only to the R
presence of a singularity at u = 0? I A
0 M
et
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Background on quasilinear problems

Another singular problem (0 < 0 < 1)

Vul? .
—Au:Au+u| u9| + f(x) in Q,
u>0 in Q,
u=20 on Of2.

@ A > 0: [Carmona, Leonori, L.M., Martinez-Aparicio. 2017].

lull
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ackground on quasilinear problems

The key point is not the singularity itself, but the fact that the homogeneous equation

Vul?
—-Au = )\u+u% in Q,
u>0 in €,
u=0 on 0€,
has the following property:
If u is a solution, then fu is also a solution for all ¢ > 0. J

Hence, a similar optimal existence result should be expected if 1+ = u(x). However...
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Background on quasilinear problems

2
—Au = U+ p(x) |V:| + f(x) in Q,
u>0 in €,
u=2~0 on 09Q.

@ \ > 0: [Arcoya, Moreno-Mérida. 2017].

[[ull o
I |
1 A
0 M
Tilloo 1

may not be optimal. Can we find an optimal value for A\?

A
lplloo+1

Salvador Lopez Martinez Singular quasilinear problems January 2018 9/23



Outline

© New contributions

Singular quasilinear problems January 2018 10/23



New contributions

@ J. Carmona, T. Leonori, S.L.M., P.J. Martinez-Aparicio, Quasilinear elliptic
problems with singular and homogeneous lower order terms. Submitted.

q
—Au = AU+ p(x) |LZ£|1 + f(x) in Q,
Py u>0 in Q,
u=20 on 0f2.

Our goals
@ Determine the set L = {\ € R: there exists a solution to (Py)}.
@ Study uniqueness of solution to (Py) for all A € L.

@ Analyze other qualitative properties of the solutions: continuity with respect to A
and bifurcation from infinity.
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New contributions

Hypotheses
0<puel~(),0sfel>®(Q)
either 1 < @< 2,org=2and ||y < 1.

?

Theorem (J. Carmona, T. Leonori, S.L.M., P.J. Martinez-Aparicio)

Under the previous hypotheses, there exists \* = X\*(u, q, Q) € (0, 1] such that the
following holds for problem (P5):

fz0 = Either L = (—o00, \*) or L = (=00, \*]. Uniqueness
of solution to (P) for all A < 0.

info(f) >0 = L= (—o00,A\*). Uniqueness of solution to (Py) for all
X E€ L The set ™ = {(A\, uy) : Uy solves (P\)}isa

continuum in L x C(Q) that bifurcates from infinity to
the left of \*.

Salvador Lopez Martinez Singular quasilinear problems January 2018 12/23



New contributions

+ f(x) in Q,
(P u>20 in Q,
u=~0 on O0f2.

[[Ulloo
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New contributions

A* = sup {\ € R|3v supersolution to (Ey) with info(v) > 0}

q
—Au=\u-+ u(x)M in Q,
a1
(En) u>0 in Q,
u=0 on 09.

ﬁ H. Berestycki, L. Nirenberg, S. R. S. Varadhan, The principal eigenvalue and
maximum principle for second-order elliptic operators in general domains.

Comm. Pure Appl. Math. 47 (1994), no. 1, 47-92.
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New contributions

A* = sup {\ € R|3v supersolution to (Ey) with info(v) > 0}

q
—Au=\u-+ u(x)M in Q,
a1
(En) u>0 in Q,
u=0 on 0N.

Here, \* is well defined and A* € (0, \1]. Moreover, we prove the following

Theorem (J. Carmona, T. Leonori, S.L.M., PJ. Martinez-Aparicio)
There exists a solution to (E)) if and only if A = \*.
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New contributions

A* = sup {\ € R|3v supersolution to (Ey) with info(v) > 0}

q
—Au=\u-+ u(x)M in Q,
a1
(En) u>0 in Q,
u=0 on 0N.

Here, \* is well defined and A* € (0, \1]. Moreover, we prove the following

Theorem (J. Carmona, T. Leonori, S.L.M., PJ. Martinez-Aparicio)
There exists a solution to (E)) if and only if A = \*.

A < \* = nonexistence to (E\) = existence to (P))
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Highlights of the proofs

Existence to (P,) for A < \*

q
*AUn:AUnﬁ*M(X)Mquﬁ»f(X) inQ,
@ 3
up=0 on 0.

Three steps:
@ Ju, € HI(Q) N L>=(£) solution to (Qn) VN € N.
Proof: Sub and supersolutions method.
@ {up} is bounded in L>(Q).
Proof: By contradiction, using the nonexistence to (E)) for A\ < \*.
Q u, — u € HJ(Q) N L>=(Q) solution to (Py).
Proof: L>°(Q) estimate and positive local lower bound (p.l.Lb.).
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Highlights of the proofs

Existence to (P,) for A < \*

Vup|?
“AUp = MUy + ,u(x)|7"|q_1
(Qn) |Un + 15|

u,=0 on 0f2.

+f(x) inQ,

Three steps:

@ {up} is bounded in L>(Q).
Proof: By contradiction, using the nonexistence to (E)) for A\ < \*.
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Highlights of the proofs

Existence to (P,) for A < \*

Vu,|9
—Aup = Aup + u(x)|7”|_ +f(x) inQ,
1)9-1
(Qn) |Un + E|
u,=0 on 0f2.
o If |up|loc = 00 = Zz,:= ﬁ is bounded in L>°(Q2) and satisfies
nijoo
q f(x
—AZy = AZy + p(x) ‘V4|q4 J“ inQ
1 nijoo
’4+wa
Zn =20 on 0L).
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Highlights of the proofs

Existence to (P,) for A < \*

Vu,|9
—Aup = Aup + u(x)|7”|_ +f(x) inQ,
1)9-1
(Qn) |Un + E|
u,=0 on 0f2.
o If |up|loc = 00 = Zz,:= ﬁ is bounded in L>°(Q2) and satisfies
nijoo
a f
—AZy = AZy + p(x) ‘V4|q4 J? in Q,
1 nijoo
’4+mwm‘
Zn =20 on 0L).

@ Moreover, using carefully the maximum principle we prove the p.1.1b.:

YVwccQ, d¢, >0: Zz,>c,inw, Vn.
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Highlights of the proofs

Existence to (P,) for A < \*

Vup|?
“AUp = MUy + ,u(x)|7"|q_1
(Qn) |Un + 15|

u,=0 on 0f2.

+f(x) inQ,

Using the a priori estimates we can pass to the limit and find a solution to

B |Vz|?
—Az = Xz + pu(x) g inQ,
z>0 in Q,
z=0 on 0N.
CONTRADICTION since A < A*. O

Salvador Lopez Martinez Singular quasilinear problems January 2018 16/23



Highlights of the proofs

Nonexistence to (E)) for A < \*

A" =sup {\ € R|3v supersolution to (Ey) with info(v) > 0} J

Theorem (J. Carmona, T. Leonori, S.L.M., P.J. Martinez-Aparicio)

If u, v are a subsolution and a supersolution to (E)) respectively, and infq(v) > 0,
then u < vin Q.

@ Assume that u is a solution to (Ey) with A < A\*.

@ By homogeneity of (E) ), the same holds for tu for all { > 0.

@ There exists a supersolution V to (Ey) with info(v) > 0.

@ The Comparison Principle implies that tu < v in Q.

© CONTRADICTION by taking t large. O
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Highlights of the proofs

Optimality of A*: nonexistence for A > A\* and A = \*

A" =sup {\ € R|3v supersolution to (Ey) with info(v) > 0} J

o If uis asolution to (Py) with A > A\*, then there exist v, > 0 such that
v=c(p] +1)+u"

is a supersolution to (Ex) with info(v) > 0, for \* < X < A =
CONTRADICTION L]

What if A = A\*7?

o If infq(f) > 0 and u is a solution to (Py~), then there exists ¢ > 0 such that
V = U+ cis asupersolution to (Ex-¢) with info(v) >0 =
CONTRADICTION L]
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Highlights of the proofs

Comments on uniqueness and bifurcation

Theorem (J. Carmona, T. Leonori, S.L.M., PJ. Martinez-Aparicio)

If u, v are a subsolution and a supersolution to (P)) respectively, and infq(f) > 0,
then U < vin Q.

Corollary

If infq(f) > 0, then problem (Py) admits at most one solution.

Proposition

If info(f) > O, then the set = = {(\, Ux) : Uy solves (Py)} is a continuum in
L x C(RQ) that bifurcates from infinity to the left of \*.

Salvador Lopez Martinez Singular quasilinear problems January 2018

19/23



Outline

@ Work in progress

Singular quasilinear problems January 2018 20/23



Work in progress

An observation

q
*AUn:AUn+IUJ(X)M|q_1+f(X) inQ,
(Qn) |Un+ 15|
u,=0 on 092.

In order to pass to the limit in (Qp) we used the p.1.Lb.:
YVwccQ, dc,>0: up>c,inw, Vn.
Thus, the solution is avoided locally. However,

q
if {'V“”'} is bounded in L'(£2),

]un+},}q71

(which happens when 1 < g < 2) we can pass to the limit without using the p.1.1.b.
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Work in progress

An observation

q
7AUn = )\Un + H(X)Mu_.l f(X) m Q,
(Qn) |Un + 15|
up,=0 on 0.

For fixed ¢ € C1(Q), § > 0, we split

Vup|? Vup|? Vup|?
Lo [ g [ T
o |up+ i {Iun>3} | {lun| <3} |

n |Un+1ﬁ |Un+ﬁ
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Work in progress

An observation

q
*AUn:AUn+IUJ(X)M|q_1+f(X) inQ,
(Qn) |Un+ 15|
u,=0 on 092.

Therefore, we may consider problems for which one does not expect to have a
positive local lower bound. For instance, if f changes sign.

Theorem
If f # 0 (but may change sign), 1 < q < 2 and A < \*, there exists a solution to
[Vul?

uja—1
u=~0 on 09Q.

—AUu = AU+ p(x) + f(x) in Q,
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Work in progress

Another example without p.l.1.b.: Homogenization

o Let Q° be a domain consisting of removing many small spherical holes from 2

uniformly distributed.

7

<

elan

/

A\

1
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Work in progress

Another example without p.l.1.b.: Homogenization

o Let Q° be a domain consisting of removing many small spherical holes from 2
uniformly distributed.

o Let u® : 2° — R be a solution to

Vue|9
—AUF = AU+ p(x) | |

W + f(X) in Q°,
ur=0 on 00°.
@ Define u®* = 0in Q\ Q°. = There is not a p.L.Lb. for {u°}

Theorem

If1 < g < 2and \ < \*, there exists a constant o > 0 such that U° weakly
converges in H} () to a solution to the problem

vuld
—Au=(A—-o)u+ u(x)|u|:|1 + f(x) in Q,

u=20 on 0NQ.
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Work in progress

Thanks for your attention!

Supporters:
@ MINECO-FEDER grant MTM2015-68210-P
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