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Introduction

m Study of self regulated gene expression networks usually involve low
copy numbers. Stochastic processes. Chemical Master Equation (CME),
its solution is not available in the most cases.
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Introduction

m Study of self regulated gene expression networks usually involve low
copy numbers. Stochastic processes. Chemical Master Equation (CME),
its solution is not available in the most cases.

m We derive the partial integral differential (PIDE) model, proposed by
Friedman et al., as the continuous counterpart of one master equation
with jump processes.

B Friedman, N., Cai, L., and Xie, X. S. (2006).
Linking stochastic dynamics to population distribution: An analytical framework of gene

expression.
Phys. Rev. Lett., 97(16), 168302.
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Introduction

m Study of self regulated gene expression networks usually involve low
copy numbers. Stochastic processes. Chemical Master Equation (CME),
its solution is not available in the most cases.

m We derive the partial integral differential (PIDE) model, proposed by
Friedman et al., as the continuous counterpart of one master equation
with jump processes.

m Using entropy methods we study the convergence to equilibrium, we
prove (1D PIDE) or find numerical evidences (nD PIDE) of
exponential stability.
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Gene Regulatory Network

ke;
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DNAiyyr = DNAiay —"—= mRNA ——= X;
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System description

Gene Regulatory Network

kél.
DNAiz T DNAioy —=> mRNA ——> X;
) % 7 (x)
)(‘J 0 0
Reaction Steps
1.9 S5, A, 3. mRNA; 2m
2. mRNA; & mRNA; + X; 4. X; M 0 )
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System description

m Self regulation mechanism: ¢(x) = [1 — p(x)] + p(x)e, with e = I’:—; € (0, 1) the transcrip-
tional leakage constant and p(x) = XH)_"_HK,_, the Hill type function, where K = ,;"T’: is an
equilibrium constant and H the Hill coefficient.
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System description

m Self regulation mechanism: c(x) = [1 — p(x)] + p(x)e, with e = I’:—; € (0, 1) the transcrip-

H
tional leakage constant and p(x) = xH)-(i—KH the Hill type function, where K = i"—” is an
on

equilibrium constant and H the Hill coefficient.

1
m Protein production in bursts: w(x —y) = = exp

b

[—(Xb— y)

:| the conditional probability for

protein level to jump from a state y to x.
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From CME to PIDE

OPmn _
B — k() (B — 1)pmn

+ ’Ym(E}n —1)mpma
+ kxm(]E;l - 1)Pmn
+ ’YX(]E}: — 1)npmn

with E,, and E, being step operators
such that:

Epn'Pmn = Pm—1n
]E}nmpm,, = (m+1)pm+1n
]E;lpmn = Pmn—1

]Erlrnpmn = (n+1)pmnt1

u]

|
1
u
!

Dar
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From CME to PIDE

Master equation deduction

Transition
probabilities
m ol =
!
kme(i)w(n—ri)

B = YxNn

n I'nt+1

P(t+ At, n) = 1)
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From CME to PIDE

Master equation deduction

Transition
probabilities
mgli=
kme(i)w(n—ri)

B = YxNn

v
In n1
n—1
P(t+ At,n) = gl'P(t,i)At+ rp 1 P(t,n+ 1)At (1)
i=0
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From CME to PIDE

Master equation deduction

n—1 e’}
P(t+ At,n) = gl'P(t,i)At+ rp 1 P(t,n+1)At+ P(t,n) [ 1—r,At— Y giAt | (1)
i=0 i=n+1
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From CME to PIDE

Master equation deduction

n—1 oo
P(t+ At,n) = gl'P(t,i)At+ rp 1 P(t,n+1)At+ P(t,n) [ 1—r,At— Y giAt | (1)
i=0 i=n+1

Master equation with jump processes

OP(t, n)

n—1 o)
ot :Zginp(t: ’)_ Zg,’;P(t,n)—f—r,,HP(t,n—i-1)—r,,P(t, n) (2)

i=0 i=n+1
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From CME to PIDE

OP(t, n)

n oo}
= > gl P(t,i) = > giP(t,n) + ray1P(t,n + 1) — rmP(t, n) (3)
i=0

i=n
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From CME to PIDE

Continuc

Master equation with jump processes
aP(t, n) 4 e o=
% = Zgi P(t, i) _Zgnp(t7 n) + rap1P(t,n+ 1) — rnP(t, n)
i=0 i=n

|
2
km [5 w(x = y)e(y)P(t,y)dy
(3)

The integer indexes n and i are substituted by real x and y respectively:

. iiog;"P(t: i)~ [ ggp(t,y)dy = km [5 w(x — y)e(y)P(t, y)dy
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From CME to PIDE

Master equation with jump processes

aP(t n) Zg,"P (ti)— S gP(t,n)  +ras1P(t,n+ 1) — raP(t, n) 3)
N
1%
kmc(x)p(t, x)
The integer indexes n and i are substituted by real x and y respectively:

= iiog;"P(t: i)~ [ grp(t,y)dy = knm [ w(x — y)e(y)P(t,y)dy

n ig,’;P(t, n) & [ gl p(t,x)dy = kmc(x)p(t, x) [7° w(y — x)dy = kmc(x)p(t, x)
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From CME to PIDE

Continuc

Master equation with jump processes

OP(EN) _ N pprs i N=ip p 1) - rpP 3
B = 2P ) = 3 aP( ) + Pl + 1) = P (e 0 ®
1%
0
=[x P(2, )]
The integer indexes n and i are substituted by real x and y respectively:
] Zog;"P(t, i)~ [5 &p(t,y)dy = km [5 w(x — y)c(y)P(t,y)d y
=
.
m > giP(t,n) = [ glp(t,x)dy = kmc(x)p(t, x) [ w(y — x)dy = kmc(x)p(t, x)
I=n
m r1p(t,x + 1) = rep(t, x) + w (Taylor theorem)
X
v
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From CME to PIDE
Continuous fo

Master equation with jump processes

OP(E 1) _ S pop(e, i) — S gl P(t,n) + raa P(t,n + 1) — aP(t ) 3)
=0

ot -
i=n

The integer indexes n and i are substituted by real x and y respectively:

= ég,-"P(t: i~ [ grp(t,y)dy = knm [ w(x — y)e(y)P(t,y)dy

n ig,’;P(t, n) & [ gl p(t,x)dy = kmc(x)p(t, x) [7° w(y — x)dy = kmc(x)p(t, x)

9 [rxp(t,
m rap(t,x + 1) = rep(t, x) + w (Taylor theorem)
X
v

Partial Integral Differential Equation (PIDE)

9] _ QLB octoptr) 40 [ wlox = y)ely)plr v dy @)

with dimensionless time, 7 = vxt and a = km/7x.
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From CME to PIDE

Generalized Partial Integral Differential Equation

) 5 (o [tmp(e 0] — Kci(Iplex) + K [ s = miwidpte i)

i=1

y; represents the vector state x, whose i position is changed for y;, ((yi)j = x; if j # i and
(yi)j = yiif j =1i), 7i(x) is the degradation rate function of each protein and

yl)

1
wj = —exp(—
(i —yi) = p( b,
is the conditional probability for protein jumping from a state y; to x; after a burst. The function
ci(x) (ci : RT — [g;, 1]) is the input function which models the regulation mechanism.

@ Pajaro, M., Alonso, A. A., Otero-Muras, |., and Vézquez, C. (2017).
Stochastic Modeling and Numerical Simulation of Gene Regulatory Networks with Protein
Bursting.
J. Theor. Biol., 421, 51-70.
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From CME to PIDE

H

X
xHikH

oo
constant such that [ Poo(x) = 1.
V|

@ P3jaro, M., Alonso, A. A., and Vézquez, C. b
(2015).
Shaping protein distributions in stochastic
self-regulated gene expression networks.
Phys. Rev. E, 92(3), 032712.

and Z being a normalizing

with p(x) =

Analytic steady state solution i Binary vegion
for the 1D PIDE [ IBimodal region
- - -1
Poo(x) 1= Z oG] T X029, F*
5
e—1) sz
_z [XH + KH} 2 H Xa—leT, ]
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Convergence to equilibrium

Convergence to equilibrium

m Exponential convergence (1D)

m Exponential convergence evidence (nD)
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Convergence to equilibrium

General entropy functional

Glle)) = /0 ™ H(u(x)) Poo (x)dx,

with H(u) being any convex function of u(x) and u(x) := é(x).
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Convergence to equilibrium

Glle)) = /0 s e, (5)

with H(u) being any convex function of u(x) and u(x) := é(x).

| \

Proposition 1

Let Gy(u) be the general entropy functional, then the following equality is verified

WOnld) _ py(u), ©)

Dyy(u) = 3 /0 [ o= ) [0 = HC() + H () (o) = ()] €(2)Poc ()dxdy.
y

v

@ Michel, P., Mischler, S., and Perthame, B. (2005).
General relative entropy inequality: An illustration on growth models.
J. Math. Pures Appl., 84(9), 1235-1260.
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Convergence to equilibrium

Entropy functional

We consider H(u) = (u — 1)? with u(x) := (%),

Ga(w) = [ (=0 - 1)2 Pocl)x = [~ ulPoc()ax -1 (7)
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Convergence to equilibrium

Entropy functional

We consider H(u) = (u — 1)? with u(x) := (%),

Go(u) = /Ooo (é(x) - 1)2 Prallibe = /oo u(x)?Poo(x)dx — 1 )

o
N\

Proposition 1

Let Go(u) be the entropy functional, then the following equality is verified

dGa(u)
dr

—D>(u), (8)

with Dy(u) = a/ooo /oo w(x —y) (u(x) — U(,V))2 c(y)Poo(y)dxdy.
y
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Convergence to equilibrium

Purpose

To prove that: Ga(u) < 55D>(u)
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Convergence to equilibrium

Purpose
To prove that: Ga(u) < 55D>(u)
A B
107
_Gz(u)
\Y ...Dz(u)

Times(r) 0o ¥ 0 Time € 10
Figure: The temporal evolution of (4) is
represented in plot A for parameters
a=10,b=20,H=1, K=70 and

e = 0.05. The dashed and continuous
lines in plot B represent Go(u) and

Dy (u) respectively.
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Convergence to equilibrium

Purpose

To prove that: Go(u) <

25 D2(u)

10°

B

_Gz(u)
- .Dz(u)

Time (x) 100 X

Figure: The temporal evolution of (4) is Figure: The temporal evolution of (4) is

5 10
Time @)

represented in plot A for parameters

a=10,b=20, H=1,

K =70 and

e = 0.05. The dashed and continuous
lines in plot B represent Go(u) and

Dy (u) respectively.
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0
0

20 2000 4
] 100 0 20
Time ()40 0 X Time ()

40

represented in plot A for parameters
a=27,b=5 H=-4 K=70and
e = 0.2. The dashed and continuous
lines in plot B represent Go(u) and
Dy (u) respectively.
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m Exponential convergence (1D)
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Convergence to equilibrium Exponential convergence (1D)

Prelimin

Let Py : (0, co) — R be the steady state solution of the 1D PIDE
model such that [, Pso(x)dx = 1. Defining

Ha(u) - / / VPooly) (u(x) — u(y))Pdxdy,  (9)

with u(x) = P(x()()) there holds:

Ga(u) = Ha(u). (10)
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Convergence to equilibrium Exponential convergence (1D)

Prelimin

Let Py : (0, co) — R be the steady state solution of the 1D PIDE
model such that [, Pso(x)dx = 1. Defining

Ha(u) - / / VPooly) (u(x) — u(y))Pdxdy,  (9)

with u(x) = P(x()()) there holds:

Ga(u) = Ha(u). (10)

Go(u) = /Ooo (é(x) _ 1)2 Poo (x)dx = /Ooo (x)2Pos (x)dx — 1
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Convergence to equilibrium Exponential convergence (1D)

Prelimina

Lemma 2 (P bounds)

For § > 0 we define the intervals of length %

k+1
s = (5 + =, 5+ L] , k > 0 integer, (11)
and
H @ K\ ? 1 (5+%) k
K —1 (s k
pe=Z|(6+5) +KH §+2) e F o =Po(d+). (12)
2 2 2
Then, the following inequality holds:
A(%) < ( ) < B(9), Vx € I,s and Vk, (13)

Pk

ae—1) —x
with Poo(x) = Z [x" + KH]| 77 x3~led and Z being a normalizing constant such that

T Poo(x) = 1.
0
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Convergence to equilibrium Exponential convergence (1D)

Prelimina

Proof of Lemma 2 (P bounds)

a(e—1)

G+ +KAN T :
< Grbrrrn ) T rest
A(6, k) =
a(e—1
@+ SN+ KN 204 k1 e
—p——————— e _— I a
(5+§)H+KH 20 + k
and
25+ k+1\1 o il
—_— I a
B(5, k) := 25+ k
1 if a<1
Notice that, L
lim A(S, k) = e~ 26, lim B(5,k) =1
k— o0 k— o0

and they are A(J) := m|n( (6, k)) and B(9) := max(B(cS k))
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Convergence to equilibrium

Prelimi

Exponential convergence (1D)

We define the term M; as:
j-1
Mj =
k=1

L
my

stk
with {my}x>1 a positive sequence given by my = pye 2
inequality is verified:

(14)

. Then, the following

oo
mk E M;p; < Cpx, (15)
J=k+1
for some constant C > 0. )
Manuel Péjaro (IIM-CSIC) PIDE model for gene circuits (Stability) Granada, May, 9th 2017 22 /35



Convergence to equilibrium Exponential convergence (1D)

Prelimi

We define the term M; as:
j—1

M= - (14)

m
=il

stk
with {my}k>1 a positive sequence given by my = pye % . Then, the following
inequality is verified:

oo
me > Mipj < Cpx, (15)
j=k+1
for some constant C > 0. )
H a(sH—l) a—1 (5+k)
k k kN —(+3 k
pi=Poc(0+3)=2Z (5+5) + KH (5+5) e b = Poc(5+ 3)-
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Convergence to equilibrium Exponential convergence (1D)

Prelimina

Defining {a;};>1 with a; =

L \e have that
a2

lim L= i

1
—ed — 1
j—oo Mj+1 — Mj

Since this limit exist and {M;};>1 is a strictly increasing and divergent sequence, we can use the
Stolz-Cesaro theorem to obtain that M; < Cpa;, with Co > 0 constant. Then,

oo oo oo o ) _2b-1

. 254 e T4 251k
my E Mjpj < Comy E ajpj, with E ajpj = E e 4 = ﬁe 4b
kg1 Jj=kt1 Jj=k+1 Jj=k+1

So that,

o _2b—1
25+k . e 4
my E Mip; < Cmye™ 4 = Cp,, with C= COeT
j=k+1
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Convergence to equilibrium Exponential convergence (1D)

To prove that: Go(u) = Ha(u) < 25 Dy (u)

with Dy(u) = a /0 - / ” w(x = ) (u(x) = ()2 c(y)Poo(y)dxdy
y

and Ho(u) = /Ooo /oo Poo (X)Poo (y) (u(x) — u(y))? dxdy
y
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Convergence to equilibrium Exponential convergence (1D)

Main result

To prove that: Go(u) = Ha(u) < %Dg(u)

ity Bo=a | el () = s ) Pty
0 y

and Ha(w) = [ [ Poo(x)Pos(y) (u(x) — u(y))? dxdy
0 y

v

The following inequality is verified:

co pry+1
o)< [ 7 Paly) () — u(y))Pdxdy = D(u),  (16)

for some constant \ > 0.
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Convergence to equilibrium Exponential convergence (1D)

Main result

Proposition 2

The following inequality is verified:

oo py+1
AHo(u) < / / Poo(y) (u(x) — u(y))? dxdy, for some constant A > 0.
0 y

Proposition 3

| A\

The following inequality is verified:

oo ry+1
o / T P(y) (u(x) — u(y)Pdxdy < Dolu)  (17)

for some constant o > 0. As consequence, we deduce the exponential
convergence towards P.
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Convergence to equilibrium Exponential convergence (1D)

Main result

Proposition 2

The following inequality is verified:

AHo(u) < / / o (y) (u(x) — u(y))? dxdy, for some constant A > 0.

Proposition 3

| A\

The following inequality is verified:

oo ry+1
o / T P(y) (u(x) — u(y)Pdxdy < Dolu)  (17)

for some constant o > 0. As consequence, we deduce the exponential
convergence towards P,

Da(u) = 2 / / w(x = y) (u(x) = u(y))? e(y)Poo (y)dxdy
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Convergence to equilibrium Exponential convergence (1D)

Proof of Proposition 2
We take 0 < § < 1 and split Ha(u) in two parts:

Halu) = /5 7 Pac)Pac () (ul) = w(y))? dxy
y
) [e%)
— u 2 X = u u
+ /0 /y Poc () Poo (y) (u(x) — u(y))? dxdy := Han (1) + Haa(u)
For i,j > 0 integers we define:

Aiji= /, 5 / (0~ o)) dyede = /, 5 / () ) sy

We can estimate both the left and the right hand side of (16) by using the quantities A; ;.
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Convergence to equilibrium Exponential convergence (1D)

Proof of Proposition 2

Hor(u) < B YD pipiAi (18)
i=0 j=0
gp,?A- < 1:6)2 D(u) (19)

Using that A; j < M; Zk_ my Ak k+1 for all j > i, we have

Z Z plij,J < Z Z plij kaAk k+1 = kaAk k+1 Z pJM Zpl

i=0 j=i+1 i=0 j=i+1 Jj=k+1
C

<CSZAk k41Mk Z Mjpj < CZAk k1P < 2 D(u) (20)
k=0 Jj=k+1 k=0 ( )

AiHo1(u) < D(u) (21) |
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Convergence to equilibrium

Convergence to equilibrium

m Exponential convergence evidence (nD)
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Convergence to equilibrium Exponential convergence evidence (nD)

General entropy functional

Ghle) = | H(u()Pse (),

with H(u) being any convex function of u(x) and u(x) := é(x).
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Convergence to equilibrium Exponential convergence evidence (nD)

General entropy functional

Ghle) = | H(u()Pse (), (22)

with H(u) being any convex function of u(x) and u(x) := 52>~ (x).

| 8
A,

Proposition 4

Let G}, (u) be the general entropy functional, then the following equality is verified

dGp(u)
dr

= D (u), (23)

Diy(w) = Zk' Sy i =0 [HG0) = Hot)) 4 1 )09 = )]

X ¢i(yi)Poo(yi)dxidy;

where y; represents the vector state x, whose i component is replaced by y;.
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Convergence to equilibrium Exponential convergence evidence (nD)

Entropy functional
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Convergence to equilibrium Exponential convergence evidence (nD)

Entropy functional

We consider H(u) = (u — 1) with u(x) := 5= (x),

p 2
(——1) Poodx:/ P Poodx — 1
Poo R

n
40

93(u) = |

n
40

(24)

| A,

Proposition 1

Let GJ(u) be the entropy functional, then the following equality is verified

dg7 (u)
240 — —Dy(w), (25)
P
n i oo
with D(u) =3 —ki, / / wi(xi — i) [u(x) — u(yi)? ci(¥5)Poo (yi)dxidy;
i=1 WL

v
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Convergence to equilibrium Exponential convergence evidence (nD)

Purpose

To prove that: G§(u) < Dz(u)
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m = -0.54

10
Time (t)

Figure: Steady state distribution of a mutual repression example and time
evolution of GJ(u) and —Dj(u).
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m We study the PIDE model for self-regulation gene networks.

m We deduce the nD PIDE model as a continuous approximation of the
CME with jumps events to overcome general gene regulatory networks.

m We prove the exponential convergence of the 1D PIDE.

m We show numerical evidences of exponential convergence in higher di-
mensions.

m Applications in control theory.
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